
CSC 412 Machine Learning and Knowledge Discovery

Logistic Regression

1 Model Prediction

1.1 Vectorized Form

p̂ = hθ(x) = σ(z) = σ(θ⊺x)

ŷ =

{
0 if p̂ < 0.5

1 if p̂ ⩾ 0.5

1.2 Sigmoid Function

σ(z) =
1

1 + e−z
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2 Cost Function

P( y = 1 | x;θ ) = hθ(x)

P( y = 0 | x;θ ) = 1− hθ(x)

}
⇒ P( y | x;θ ) =

(
hθ(x)

)y · (1− hθ(x)
)1−y

= p̂y · (1− p̂)1−y

So, Likelihood

L(θ) = P(y | X;θ )

=

m∏
i=1

P( y(i) | x(i);θ )

=

m∏
i=1

[ (
hθ(x

(i))
)y(i)

·
(
1− hθ(x

(i))
)1−y(i) ]

=

m∏
i=1

[ (
p̂(i)

)y(i)

·
(
1− p̂(i)

)1−y(i) ]
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Maximizing the Likelihood is equivalent to minimizing the Negative Log-Likelihood:

max
θ

L(θ) ⇔ min
θ

−LL(θ)

where

−LL(θ) = − logL(θ)

= − log

m∏
i=1

[ (
p̂(i)

)y(i)

·
(
1− p̂(i)

)1−y(i) ]
= −

m∑
i=1

[
log

((
p̂(i)

)y(i))
+ log

((
1− p̂(i)

)1−y(i)) ]
= −

m∑
i=1

[
y(i) · log

(
p̂(i)

)
+ (1− y(i)) · log

(
1− p̂(i)

) ]
So, let

J(θ) = − 1

m
LL(θ) = − 1

m

m∑
i=1

[
y(i) log

(
p̂(i)

)
+ (1− y(i)) log

(
1− p̂(i)

) ]
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